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We study S'L(A^, M) Chern-Simons gauge theories in three dimensions. The choice of 
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using the principal embedding could admit a unitary representation for large values of 
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1 Introduction 

Higher spin theories provide a new venue to examine our expectations about quantum gravity. 
The pioneer work of Vasiliev gives a background independent formulation of a classical theory 
of AdS gravity coupled to an infinite tower of higher spin fields (see e.g. [H [2] and references 
within). An immediate consequence is that the gauge symmetries of the theory encompass 
both diffeomorphisms and the higher spin transformations, providing a non-linear and non- 
local theory. This is one of many features that have the potential to address puzzles such as 
singularity resolution and the significance of black hole horizons. 

In relation to the holographic principle, higher spin theories allow us to investigate in 
more depth the dictionary and consequences of this correspondence. For AdS4/CFT3, the 
first version of the duality was conjectured by Klebanov and Polyakov in |3], and further 
refined and tested in e.g. [HEIE]. Without going into details, these complicated bulk Vasiliev 
theories are conjectured to be dual to simple, and in principle, solvable theories. This opens 
the possibility of tracking the emergence of space-time from the boundary theory, among 
other effects. 

Our focus here will be in the three-dimensional version of AdS higher spin gravity, and 
hence its two-dimensional dual CFT. This is arguably the simplest setup of the correspon- 
dence from the bulk point of view, which has allowed a better understanding of physical 
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phenomena in Vasiliev theory. Starting with the construction of a classical phase space 
[71 Ej, the advances include understanding the quantization of the theory [HI HDl [HI [121 [13] , ^ 
non-geometric definition of black holes [HI [151 [16], construction of novel solutions [T7 1 [T8 l [T9] . 
generalizations to de Sitter space [20], and much more [211 [221 [231 [21] • Further, the duality 
proposed in [25] between a specific Vasiliev theory and a large N 't Hooft limit of Wn min- 
imal models is providing new insights in the field [2ni[271[2Sl[2Hl[3ni[SIl[321[331[33[251[Ml 

[2ni[3Zl[3Sl[3Sl[in]. 

The advantage of AdSs gravity, and its higher spin generalizations, is due to the absence 
of local degrees of freedom. The construction of these theories is straightforward by using the 
Chern-Simons (CS) formulation of 3D gravity, and as we will review below, coupling higher 
spin fields to gravity is as simple as studying a SL^N.M.) x SL{N,M.) CS theory. While it 
seems almost trivial, the theory still contains both perturbative and non-perturbative con- 
figurations which characterize the global dynamics of the theory. Our aim is to understand 
the perturbative spectrum of the higher spin theory, and from here identify which of these 
classical theories are well-defined after canonical quantization. 

There is a systematic and complete construction of the perturbative spectrum, and the 
essence of this construction is based on the original work of Brown and Henneaux [H]. The 
idea is to construct the non-trivial gauge transformations, and the group generated by this 
set labels all physical states smoothly connected to the identity. In the bulk language, this 
is known as the asymptotic symmetry group. Based on [121 [13], the analysis in [8] provides 
a systematic implementation of the Brown-Henneaux construction adapted to higher spin 
theories. The remarkable observation is that the resulting algebra is a conformal exten- 
sion of the Virasoro algebra, known as W-algebras [44], with central charge c. As in the 
Drinfeld-Sokolov reduction [15] -which is an algebraic construction of W- the resulting al- 
gebra constructed in the bulk depends on the gauge group of the CS theory, the embedding 
of s/2 in the gauge group and the coupling constant k, where c ~ Qk. The majority of the 
literature listed above focus on the principal embedding of s/2 in sIn', here the gravitational 
theory has a simple interpretation as an interacting theory for a non-degenerate tower of 
massless spin s fields with s = 2, . . . , A^. Our focus is on the physical interpretation of sec- 
ondary (non-principal) embeddings, which we will infer by exploiting some basic features of 
the conformal algebras. 

Specific examples of non-principal embeddings have been discussed in the context of 
higher spin theories in [181 [El [321 [IE]. A point that has been overlooked is that the W- 
algebra, obtained after imposing asymptotically AdS boundary conditions, is universally 
ill-defined in the following sense. All non-principal embeddings contain either Abelian or 
non-Abelian subalgebras generated by spin 1 fields. These subalgebras are enhanced to 
chiral Kac-Moody algebras at level k inside the W-algebra, and k, is mostly fixed by the 
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central charge c|j Our construction shows that k is strictly negative for large positive values 
of c. As we show explicitly in the text, a negative level implies that the spectrum contains 
negative norm states. The snapshot of the argument is that the Kac-Moody subalgebra is 
schematically of the form 

\Un,Um] = -\K.\n5n+m^ , (1-1) 

and therefore the state = U^i\0) has negative norm. The dots in f 1 1.1 1) are additional 
terms appearing for non-Abelian currents, but those terms don't interfere with the logic. 
The details are discussed sections 13.21 and 13.31 Hence, the semiclassical W-algebra for any 
secondary embedding does not admit a unitary representation^] However, a class of SL{N) 
theories that escapes our fatal conclusion are those built using the principal embedding. Our 
analysis provides a simple selection principle that places the principle embedding as perhaps 
the only consistent framework of higher spin gravity in three dimensions. 

The organization of the paper is as follows. We first work out the matter content of our 
theory in section O focusing on two classes of non-principal embeddings: the sum and product 
embedding. We then construct the asymptotic symmetry algebra in section [3] which we use 
to map our fields to operators at the boundary. The relevant operator product expansions 
are then related to norms of descendents of the spin 1 current in the different subsections. In 
appendix |X] we introduce notation and conventions, and in appendix [B] we discuss in more 

(2) 

depth the unitary representation of W3 for finite values of the central charge. 



2 Matter Content of Higher Spin Gravity 

Three dimensional Einstein gravity with a negative cosmological constant can be recast as a 
SL(2, M) X SL(2, M) Chern-Simons theory [I^ITF] . To fix some of the notation, we will briefly 
review this statement here. We will then proceed to discuss the construction of higher spin 
theories using the language of the Chern-Simons theory. See also [HI HHl [501 [SD [H] for more 
details and generalizations of this construction. 

The key observation is that by rewriting the dreibein and spin connection as 

e=^-{A-A), co = l{A + A), (2.1) 

with i the AdS radius, the Einstein-Hilbert action can be written as a SL(2,]R) x SL(2,]R) 
Chern-Simons theory 

S = Scs[A]-Scs[A], (2.2) 

also depends on the rank of the gauge group and other minor details of the embedding. 
^The algebra could still admit non-unitary irreducible representations, but in our opinion it is not an 
interesting scenario. 
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where 




A^dA+ -A^A^A 



(2.3) 



The trace is with respect to the invariant quadratic form of SL(2,M), and the integration 
is over the 3- manifold M.. The level of the Chern-Simons action k is related to the AdS 
radius {€) and Newton's constant (G3) by matching the normalization to agree with the 
Einstein-Hilbert action 



The absence of local degrees of freedom for three-dimensional gravity is evident in the Chern- 
Simons formulation. 

Coupling matter to this theory can be easily done in this framework. In particular we can 
include spin fields by looking at extensions of the Chern-Simons gauge group. We require that 
SL(2, M) sits as a subgroup in this extension to guarantee gravitational dynamics. Much effort 
has been put recently into the study of SL(A^, M) x SL(A^, M) Chern-Simons theory, which 
has been coined higher spin gravity for reasons that will become clear in our treatment. The 
interpretation of this theory in terms of metric-like fields depends on the choice of embedding 
of SL(2,M) in SL(A^, M), and we will review here what is known about such embeddings. 

For example, consider the case = 3. Here we have only two possible embeddings. 
The principal embedding of SL(2,]R) in SL(3,]R) contains a spin 2 field and spin 3 field, 
hence it is a description of Einstein gravity coupled to a spin 3 field. The other inequivalent 
embedding, denoted non-principal embedding, contains a spin 2 field - analogue to the one 
found in the principal embedding - a spin 1 current, and two bosonic spin 3/2 fields [18]. Even 
though both theories are loosely speaking "SL(3) gravitational theory", the two inequivalent 
embeddings have different matter content, and therefore a different interpretation when 
written locally in terms of metric-like fields. 

The number of inequivalent embeddings and the field content complexity of the theory 
increases with A^, and hence the gravitational interpretation of an SL(A^) Chern-Simons 
theory is not unique. The number of possible embeddings of the algebra s/2 in sl^ is given 
by the partition of A^ [52]. We can denote such an embedding by the branching of the 
fundamental representation under the choice of s/2 




(2.4) 



dA + A^A = {^, dA + A^A = {}. 



(2.5) 



(2.6) 
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Here we have partitioned N = ^jnj{2j + 1); also we denoted the (i-dimensional represen- 
tation of slm by and dropped the index for 3/2- The centrahzer C of the embedded s/2 
subalgebra will also play a role, and in this case is given by 



C 



sir 



(2.7) 



up to f/(l) factors. 

To illustrate our discussion, let's define the principal embedding. This is the embedding 
relevant for the duality proposed by [9], and studied initially in [TJ [8]. We have 



The centralizer C is trivial, and the adjoint representation {qdj^ + Xn = ^ 



as 



ad^T — > 3 



2N ~1. 



(2.8) 
branches 

(2.9) 



Prom this branching, one can see the degrees of freedom organize into a tower of massless 
fields of spin from 2 to [8] . Therefore one can argue that this embedding gives a description 
of gravity coupled to a finite tower of massless higher spin fields. 

The non-principal embeddings are more involved since the centralizer of s/2 into sl^ will 
be non-trivial. Under C ® s/2 the adjoint representation will branch as 



® (3 © ... ©4? 

{i^o} - 

OAn, © (3 © ... ©4^ 



{i^O} 



rij 



2|z-j| + l 



2|z + j| + 1 



(2.10) 



The matter content is given by the branching of adp^, and thus one of the singlet on the 
right-hand side of f l2.10p will be canceled by the singlet constraint on the left-hand side. The 
first line represents the possible spin 1 fields. The very first term will lead to non-Abelian 
currents associated to C, and U{1) singlets will also be present if rij^o > 1- The last term in 
this line will contain a singlet unless uq = 0. The second line in this expression represents 
singlets under C of spin 2 up to (2i + 1), which we identify as the metric and the higher 
spin fields in the bulk. The third line represents multiplets of spin from 2 to (2i + 1) that 
transform in the adjoint representation of a algebra. The fourth term contains fields of 



Hi 



spin from (|i — j| + 1) to (|z + j| + 1) that transform non-trivially under 

We point out that the only embedding that lacks spin 1 currents is the one with no = and 
a unique nj^o 7^ 0, which we single out as the principal embedding. Any other embedding 
will contain either singlets of spin 1 with U{1) gauge symmetry or multiplets of spin 1 
transforming in the adjoint representation of a slm algebra. 
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2.1 More about non-principal embeddings 

The presence of spin 1 currents will be crucial to understand aspects of these higher spin 
theories. For sake of simplicity, we will carry out explicit computations for only two class 
of embeddings: the sum and the product embedding [53]. The sum embedding will serve as 
an example for the embeddings with U{1) currents, while the product embedding is a nice 
setting to study non-Abelian currents. 

Taking N = P + M, the structure of the sum embedding is P_+^Lp+m ^ ' M + P ■ 1. 
Its adjoint decomposition is 

ac?p+M ^a^p®l+£p®M + £p®M+lp®(l©3©---© 2M - 1 ) . (2.11) 

The theory contains a, sip algebra, P fields of spin {^^^y^) that transform in the fundamental 
representation of the sip algebra, and another P that transform in the conjugate represen- 
tation. Finally we have spin from 1 to M fields that transform as singlets under sip. Note 
that the latter with spin greater than 1 can also be found in the principal embedding of SI2 
in sIm 

oAm ^ 3 © ■ ■ ■ © 2M - 1 . (2.12) 

The product embedding will be used to study non-Abelian current algebras. Here we 
take N = PM, and the structure is P ■ M p,j^^ — )■ P ■ M_. Its adjoint decomposition is 

qdp.M ^ adp © 1 + Ip (g) (3 © ■ ■ ■ © 2M - 1 ) + odp © (3 © ■ ■ ■ © 2M - 1 ) . (2.13) 

The theory contains a. sip current algebra, singlets of spin from 2 up to M, and a multiplet 
of — 1 fields of spins from 2 up to M that transform in the adjoint representation of sip. 



3 Operator Product Expansions and Unitarity 

In this section we will describe some general features of the asymptotic symmetry algebra 
for any embedding of s/2 in sl^ through the Drinfeld-Sokolov procedure. Our goal is to show 
that the presence of spin 1 currents in any embedding implies that the algebra does not 
admit a unitary representation in the classical limit |f| 

3.1 Asymptotic symmetry group, W-algebras and OPEs 

The asymptotic symmetry group is the set of non-trivial gauge transformations that preserve 
specific boundary conditions. For each generator of the group there is a finite conserved 

^By classical limit we mean one for which the central charge of the boundary theory is large, i.e. the 
AdS radius is large in Planck units. The nature of W-algebras in a quantum regime has been addressed 
previously in [54]. We use the example of the W^'^'' algebra in appendix iBl to discuss the possibility of unitary 
representations for small central charge. 
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charge associated to it, and the perturbative spectrum of the theory is obtained by acting 
with these charges. With asymptotically AdS boundary conditions a la Brown-Henneaux 
|41] . the familiar example is pure AdSs gravity. For this theory the rigid s/2 x s/2 algebra is 
enhanced to two copies of the Virasoro algebra. 

A similar statement holds for the higher spin theories: starting from an sIn ^ sIn theory 
with asymptotic AdS boundary conditions, the resulting asymptotic symmetry group is two 
copies of the W-algebra [3 IH]£I By construction these W-algebras contain the Virasoro 
generators, and the additional spin currents depend on the embedding of s/2 in sIn- In this 
subsection, we will review this construction following the conventions in [53| [8]. 

In the Chern-Simons formulation of the theory, we first need to specify the connections 
and topologies under consideration. We start by introducing light-cone coordinates x"^ = 
t/i±6, where t stands for the time direction and 6 parametrizes the circle at the boundary. 
Constant time slices have the topology of a disc parametrized by 6 and the radial coordinate 
P- 

We will choose a radial gauge for the connections where 

Ap = b"^dpb, Ap = bdpb~\ (3.1) 

This is always possible as there exists a local gauge transformation that brings any possible 
connection to this form. Here b is an arbitrary function of p valued in the S'L(A^, M) group. 
The connection one forms are now given by 

A = b''^a{x^ ,x~)b + b~^db , 
A = 6a(x+,x^)&"^ + bdb^^ , 

where a(x"'",x~) and d{x^^x~) are flat sIn valued one forms. In order to ensure the flatness 
of those one forms, we impose that 

a(x"'", x~) = a(x"'")(ix"'" , a{x'^ ,x~) = a{x^)dx~ . (3.3) 

And from now on, we focus on the connection A, since the treatment for A is parallel. 

Following the discussion of section 2, the sIn algebra splits into irreducible representations 
of s/2, i.e. adjq — ®nj 2j + 1. This means that a generic connection can be specified as 

j ■m=-j 

where the T,- j'^ are generators combined into representations of weight ?', and the index n,- 

J , Til J 

See [H] for a modification of these boundary conditions. 
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(3.2) 



labels the different representations of weight jo For example, we denote the s/2 generators 

(rpil) rj.il) ^(l)^ 

We can now define asymptotically AdS boundary conditions. The connection which 
corresponds to the AdS background is 

AAds = e'T[^}dx^ + T^Jrfp , (3.5) 

from which we read the radial parameter b = i " . Choosing the same radial parameter for 
all connections, an asymptotically AdS configuration satisfies 

{A-AAds)\p^oo = 0{l). (3.6) 

In terms of the expansion (13. 4p . this effectively cuts down the fields that would have negative 
conformal weights, i.e. 

=0 for m > , J > 1 . (3.7) 

One can then use gauge transformations that respect the boundary conditions to bring the 
connection to the highest-weight gauge, i.e. 

a = T^V + a;,. , a^.. = r^^ko^S ' (3-8) 

where = ^(^"j? ^"^^ we introduced Cj = tr(Tj "f^T^"^^) to assure conventional normal- 

ization of the fields. 

Despite appearances, there is some residual gauge symmetry. More concretely, consider 
a gauge transformation 

Saq = dA+ [a. A] , (3.9) 

with 

A = E E /^S^^' • (3-10) 

j m=-j 

In ■) 

For some non-trivial relations among the functions /i}^ , this implements only a transforma- 
tion on )• Hence it will preserve conditions (13. 6p and (13.81) . And for those transformations 
that do not vanish near the boundary - physical symmetries - we will have the corresponding 
conserved charges 

Qif^) = 1^ / ^^tr (a,„A) = A /■ d^E/^f^^^k) ' ^3.11) 
J J . 

■^According to (|2.10p the different T^"^'' can have non-trivial relations through the centralizer of 5/2- Hence 
the field is specified by its weight j and its transformation with respect to the centralizer. 
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where /i^"^"* = /i^"^"* is the source conjugate to The level of the Chern-Simons action 

is related again to the AdS radius via (12. 4p . where now the trace is the bilinear invariant of 
sl{N, M). 

Further the Poisson bracket of these charges generate gauge transformation on the fields 
$, i.e. 

<5^$ = {$,g(/i)}, (3.12) 

and most importantly 

= {Q(/i),Q(/i')} = Q([/i,/i']) + ^a/^,/i')- (3.13) 

This is the asymptotic symmetry group. For pure AdS^ gravity it would lead to the Virasoro 
algebra, where K is the central term. For the sIn higher spin theories K contains in addition 
nonlinear terms on Q. These are the W- algebras, and examples of the explicit construction 
for = 3,4 can be found in e.g. [Bl E21 [IS]- For any of these algebras, one can then read 
off the central charge in (13.131) and recover the celebrated result of Brown and Henneaux 

c = 12ktT{Ll) = ^ , (3.14) 

with Lq = T]^ Q. 

For our purposes it will be convenient to translate (13.121) to a statement concerning OPEs 
of the fields as in [H]. At the boundary, we will use Euclidean coordinates (x+, x~) — )■ {z, z) 
and use the holomorphic nature of the fields in our theory. We then use Noether's theorem 
to write 

S^z) = Res[J(z)$(0)] , (3.15) 

where J{z) = J2j t^^j^'^^ln )■ adjusting the sources, one can extract from (13.91) and (I3.15P 
the different OPEs. From simple contour integrations the latter are mapped to commutation 
relations. In the following sections we use this procedure to characterize the asymptotic 
symmetry algebra corresponding to non-principal embeddings. 

This procedure is equivalent to the Drinfeld-Sokolov reduction that leads to extended 
conformal algebras. One important ingredient of this procedure, which we will later use in 
this section, is the definition of the stress tensor L. In the presence of currents, the stress 
tensor contains a Sugawara density in addition to the spin 2 field, and in our notation it 
reduces to § 

L = -^tr(a2), (3.16) 

where the proportionality factor is fixed by (I3.12p . With this definition, the fields are 
primaries of weight (j + 1 ) . 



^ In a general gauge, the stress tensor could contain a linear improvement term proportional to the Cartan 
element of the singled-out sh subalgebra. In the highest- weight gauge the latter drops [53] . 
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3.2 Sum embedding 

We now proceed to apply this ratlier abstract discussion of the asymptotic symmetry group 
to a concrete setup. Consider the sum embedding as defined in (12. 111) . Taking N = M + P, 
we can write the embedding as the branching of the fundamental representation of sIn, i-e. 

P±Mp+M ^ 1 ■ M + ^ ■ 1 • 

Constructing the full asymptotic symmetry group is tedious, and not very illuminating. 
Instead, we consider a truncation that involves only the gravitational sector and a U{1) 
currents of this embedding. For the sum embedding, the gauge fixed one-form (13. 8 p turns to 
be 

with Cj are the traces defined below (13. 8p . Here T is the spin 2 field and V is the f/(l) 
current, and stand for the fields and respectively. The stress tensor (I3.16p is given 
by 

L = — - ( 2T+-f/2^ . (3.18) 
12ciV Co y ^ ^ 

The explicit expressions for the generators, as introduced in (13. 4p . are 



\ . (3.19) 

P 



Tq^^ — ( — IpxP I ty J-MxM 



where Vro±i are traceless M x M matrices (see appendix |A|) . 

To construct the asymptotic symmetry group, it will be sufficient to start with a gauge 
parameter of the form 



M„(0)- 



I - ,(l)w(2) , ,,(1)tI/(2) , ,,(1) TI/(2) , ,,(0). I • l-^-^Uj 



Here /i^^^ and /ig"^ are the sources for T and U, in accordance with (13. lip . The components 
yu[^o and are determined by requiring that the gauge transformation preserves (13. 6p and 
(13. 8p . This gives 

where we used the notation d = 8^+ and 9 = d^- ■ 
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As a result, the non-trivial gauge transformations fl3.20p - fl3.2ip act on the fields as 

5kL = -^dh + edL + 2Lde + Udr] , 

2 /M \ , „ , (3-22) 



Sj^U = -^(^^ + 1^ (M^ -l)dr] + Ude + edU . 
In f l3.22p we introduced 



(3.23) 



6coCi 

in order to get the canonically normalized transformations. 

We can reconstruct the OPEs from (13.221) . Using J{z) = eL + rjU in fl3.15p we obtain 

c 1 2L (0) dL (0) 



L (z) L (0) 



2z^ z2 



,(.„(0).£|)h-^?^. (3.24) 

[/(z)f/(0) 



/M \ , O X 1 



Decomposing L and [/ in a Laurent expansion, the singular parts of the operator expansions 
yield commutation relations by contour integration 

[L„, Um] = -mUm+n , (3.25) 



where n,m & Z. 

Even though this is not the complete asymptotic algebra, we can make some precise 
assertions about the entire Fock space. It is clear from f l3.25p that for c > 0, which is our 
case due to f l3.14p . the level of the U{1) current is negative. This immediately indicates that 
the spectrum is sick: by simple inspection negative norm states will be present in the theory. 
More explicitly, in a highest weight representation, the vacuum is defined as 

L^\0) = Un\0) = , n>0, (3.26) 

and analogous expressions for the other spin generators. The above also implies that the 
vacuum is annihilated by the rigid sl^ generators, and in particular L_i\0) = 0. Descendants 
are constructed by acting on the vacuum with creation operators associated to each spin 
generator, e.g. L^n-i and U-n with n > 0. 
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The first excited state is given solely hj = ?7_i|0); note that this is true only for the 
vacuum state and it is unaffected by the other spin generators with j According to 

fl3.25p . the state has norm 

M2 



(^^ + 1^ (M^ - 1) (0|0) < . (3.27) 



Hence, the physical spectrum associated to this embedding does not admit unitary represen- 
tations. As a gravitational higher spin theory, the presence of U{1) fields makes the theory 
pathological. 

This conclusion is generic to any embedding containing U{1) currents, not only the sum 
embedding. Including other fields with j 7^ in the branching of the adjoint representation 
of SL{N,R) (KTO\i does not affect the UU OPE; this OPE depends only on the variation 
6U with respect to its associated source rj. In the next sub-section, we will generalize the 
analysis for multiple currents, but first we will work out an explicit example. 

3.2.1 Example: U{1) singlet in W^^'^ algebra 

One example of the sum embedding that can be carried out explicitly -without leaving 
any field behind- is the diagonal embedding of SL{2,'R) in 5'L(3,]R). The partition is 
3—7- 1 ■ 2 -|- 1 ■ 1 and the adjoint representation of the algebra is 

a^3^i®2 + l®2 + l®3 + l®l. (3.28) 

The theory contains two bosonic spin 3/2 fields, a spin 2 field that carries the gravitational 
dynamics, and a U{1) current. One can do the same analysis as we have done from (13.171) 
to ([325]), by simply setting P = 1, M = 2. 

In the highest weight gauge we can represent the one form (l3.8|l R 

/ -2j G\ 
afi^= J T , (3.30) 
V J J 

where j is the U{1) current, G and G are the spin 3/2 fields and T is the graviton. They 

play the role of $S^\ and <l>^/^ in equation (ES]). The OPE was computed in 

2 2 



^Thc presence of additional states at level 1 would require computing the Kac determinant, and from 
there assure that the matrix is positive definite. In our setup, this will be the case if and only if we have 
additional spin 1 fields, and it is the subject of section [3.31 

^In [T5] , a different representation was used. In their notation we would have 

(3.29) 
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using the techniques outhned above. We will not repeat the derivation here and just state 
the final answer found in [18] 



L {z) L (0) 
L {z) U (0) 
U{z)U{Q) 
L{z)G± (0) 
G+ {z) G_ (0) 

G±{z)U{Q) 



c 1 ^ 2L(0) ^ (9L(0) 



2z^ 



z^ 



z 



9f/(0) 



z^ 


z 


c 1 








(9G+(0) 


3G+(0) 


z 




c 1 


3f/(0) 1 


"3^3 + 


2;2 2; 


1 ^+(0) 





(3.31) 



m + ^f/(o)2 - ^9f/(o) 



where 



G 



6 

c 

c 



2c 
G = 



c 



(3.32) 



c 



This is known as the W3 or Polyakov-Bershadsky algebra [551 EE]. The relevant structure 
of L and f/ is preserved after the inclusion of the spin 3/2 fields. In particular the negative 
sign in the UU OPE is not affected. Hence, negative norm states will appear, just as in the 
general sum embedding. 

Note that using the Chern-Simons theory we will always obtain the classical limit (large 
central charge limit) of the W-algebra. Some of these algebras have a known quantum 
version, and the claims about unitary representations we make here could change. We refer 
the interested reader to appendix [Bl where we compute the Kac determinant for the first 
levels of the quantum W3 algebra. 

3.3 Product embedding 

We consider now an embedding of s/2 in sIn that contains non-Abelian currents. A good 
representative is the product embedding, where the partition of = P ■ M is P ■ M p,j^j — )■ 
P ■ M_ and the adjoint representation of the algebra is explained below equation fl2.13p . 

For sake of simplicity, we turn off the fields that transforms in qdp ® (3 © ■ ■ ■ © 2M — 1 ) . 
The connection will only contain the graviton and non-Abelian currents, i.e. we choose (13. 8p 
as 

afi, = -f/Va ® lAfxM + -Tlpxp ® W^l? . (3.33) 

Co Ci 
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The fields U"" are currents that transform under sip and T is again the gravitational spin 2 
field. We pick a representation of the sip algebra {ua} such that 

where 'jab is the Killing form and fab'^ are the structure constants. The exphcit expression 
for the generators are 



^1,{0,±1} = ^PxP ® ^{0,±1} 



(3.35) 



To ease the notation, we modified slightly the normalization of the sip currents to 

CO = E tr(T(")T(")) = M 5^ tr (a^) . (3.36) 

a a 

The stress tensor is then fl3.16p 

^ 1 ^2T + -W'U'^ab] ■ (3.37) 



12 Ci \ Co 

The gauge parameter that preserves our boundary conditions takes the form 

A = Imxaz + M^^Ipxp® Vrf^ 

+/iS>PxP ® <l,Af + /^L-ilpxP ® H^l? , (3.38) 

where fi^^ and are sources, and fi^^l and /ii^li are again simply given by f l3.2ip . 

The variation of the fields under residual gauge transformations f l3.38p can be written as 

c 

12" 



S^L = —dh + 2Lde + edL + U^dif'jab 



MP MP (3.39) 

dpJJ" = — (M^ - 1) codri" + d {eU") - —— (M^ - l) f\JJ^7]^ . 



Again, we redefine the sources as 

(3.40) 



6coCi 

in order to get the transformations in a canonical form. 

Using J = eL + rj^-U"", the above transformations completely determines the singular part 
of the OPEs 

. / X . / X c 1 2L (0) dL(0) 

i(,)f;.(0).^ + ^, (3.41) 
U' (.) £/' (0) ~ -Mil (M^ - 1) ^ + {M^ - 1) ^"^'<°> , 
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and the following commutation relations 

[Ln,U^] = -mU^^^, (3.42) 
M"^ P MP 

[K, ul] = -^ (M^ - 1) ns^^^r + ^ (M^ - 1) /tf/;;,^, . 

where it is clear that the sip currents form now a Kac-Moody algebra. 

One can check that the Kac-Moody currents are problematic, providing with a gener- 
alization of the single U{1) case. To construct the spectrum of the theory, we follow the 
arguments at the end of section 13. 2[ At level 1, we now have a collection of the states 
= W^ilO), and the norms of these states are given by 



= 



+ 1^ (M^ - 1) 7'^''(0|0) . (3.43) 



The Killing matrix generically will contain both positive and negative eigenvalues, hence 
the matrix is not positive definite. 

This captures the basic pathology of having spin 1 fields in SL{N) higher spin theories. 
We conclude that any non-principal embedding will contain negative norm states for positive 
central charge c. We next present an explicit example of the simplest product embedding, 
keeping track of the inclusion of all the fields that are present in the adjoint representation. 

(2 2) 

3.3.1 Example: s/2 currents in W4 ' algebra 

In this section we check that the truncation for the product embeddings does not interfere 

with the results for the non-Abelian currents. We consider the decomposition — )■ 2-2. The 

field content consists of a s/2 current, a multiplet of 3 spin 2 fields that transform under the 

adjoint representation of s/2, and a spin 2 field in the trivial representation of s/2 that we will 

(2 2) 

call the graviton. We denote the asymptotic algebra W4 ' which is the simplest instance of 
a non-principal, non-diagonal embedding. Note that this algebra is the case P = 2, M = 2 
of a product embedding. 

The gauge fixed current can be written as 

The fields T, U"' and are the graviton, the s/2 currents and the multiplet of spin 2 fields 
respectively. The gauge parameter is now written as follows 

A=(^\~'^' \\ V 7 = /iS"V,, A. = /igl + /i» a.. (3.45) 
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The conjugate sources are encoded in Ai and /Iq . And Ao,-i are solved for in a manner 
similar to fl3.2ip . 

The stress tensor (13.37P is not affected by the multiplet of spin 2 fields t", nor is the 
redefinition of the sources f l3.40p . We include here the variations of the stress tensor and the 
currents under the residual gauge transformations 

5L = + 2Lde + edL + U'^dri'^ab + 2t'^9/i?7a6 , 

4 4 , , (3-46) 

c c 

In particular, we have that the fields are indeed spin 2 multiplets transforming in the 

adjoint of the s/2 currents. Moreover, one can see that the U^U^ OPE will not be affected 

by the multiplets, hence the same type of states as in the general case will preclude unitary 

(2 2) 

representations of the W4 ' algebra. 
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A Conventions 



An explicit M-dimensional representation of the sIm generators is [T9 



and 



(2) 



w, 



(2) 
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-(M - 



w^^ = (-1) 



m— 1 



(s + m — 1)! 
(2s -2)! 



(2) 



1)/ 



■■]] 



s— m— 1 terms 



with m = —{s — 1) ... (s + 1) and s = 3 - 
The Kilhng metric of this algebra is 



.M. 



where 



= (-ir^'"'^'l'+T~f'^'~,"^"'^V n (M^ - ■ 



(2s- l)!(2s-2)! 



i=l 
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A.l Sum embedding construction 

The generalization of f l3.17p to include tlie remaining matter fields is 

/ JpxP — -^t^lpxP 0(A/_i)xP GixP \ 



-p^tyxpxp 0(A/_i)xP 

a fix = G 

\ Opx(M-l) / 



(A.7) 



Here Jpxp contains the sip currents, G (G) is the multiplet of fields that transform in the 
fundamental (conjugate) representation of sip and U is the spin 1 singlet. W contains the 
information for the rest of higher spin fields 



M 

Wmxm = W^f + E ^W[%, , (A. 

=2 



(s) 

where Wg_i are generators of sIm, and 

= tr (wi'JMti) , Co = tr (t^^^To^^^) . (A.9) 

A. 2 Product embedding construction 

The generalization of the gauge fixed one-form (13.331) is 

a/ix = J PxP ® Imxm + IpxP ® Li^MxM + E — *s,PxP ® Vrl^i+i . (A. 10) 

Here 1 is the unit matrix, J is a traceless matrix that contains the sip currents, and ^ g 
contains both the spin s field and the multiplets of — 1 spin s fields that transform in 
the adjoint representation of the sip currents. Any of these matrices can be decomposed as 
^ s = T^lpxP + i^t^a where cTq are generators of the sip algebra. 

B Quantum W3 algebra 

The algebras we have used in this work are semiclassical limits of W-algebras. The full 
quantum algebra receives corrections that affect the relation between the level of the current 
algebras and the central charge; it also affects the coefficients of non-linear terms. An 
illustrative example is the Polyakov-Bershadsky algebra W3 [551 ESj • Here we will explore 



'3 

if our conclusions in section 13.2.11 are modified in the quantum regime. 
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In the quantum regime, the matter content does not change, but the commutation rela- 
tions get modified shghtly. We have 

[Ln, Um] = — mllm+n ; 

[Ln, Lm] = (n — m) Ln+m + ^2 ('^^ ~ ^) ^n+m 
\Tr TJ 1 _^1±^ A 

\Ln-, G,^ ] = ^— — ^Tn+r ' j^-j 
\Uni j ih , 

+ - (ft + 1) (r - S) Ur+s - (ft + 3) + 3 ^ ?7r+<i_m?^m , 

m 

where {n,m) G Z and (r, s) G (Z + 1/2). The central charge of the algebra is corrected by 
quantum effects 

24 

c = 25 — -6(ft + 3) , (B.2) 

ft + 3 

and ft is a real parameter. The classical limit is given by —ft ^ 1, reproducing the OPEs 

In the highest-weight representation, the vacuum satisfies 

L„|0) = , f/„|0) = ,n>0, (B.3) 

and 

G+|0)=0 r>-i. (B.4) 

From the algebra it is also true that i^-i|0) = 0. 
We define the hermitian conjugate as 

= ; f/l„ = f/„ ; (Gtjt^G-. (B.5) 

At level 1 the only state is U^i\0) and its norm reads 

(0|f/if/_i|0) = (2ft + 3)/3. (B.6) 

The level 3/2 is as simple as the first, since the only state is G^^^^\0). The norm is then 

mGt,/,yGt,/,\0) = (2ft + 3) [1 - 12(ft + 1)] . (B.7) 

Imposing positive norms at the two lowest level, the allowed values for ft are 

--<ft<-— . (B.8) 
2 12 ^ ^ 

19 



Note that in this range c is valued between and 1 , and therefore this bound is not consistent 
with a semiclassical hmit. 

We now compute the inner product matrix at level 2, in the basis given by L_2|0), f/_2|0) 
and ?7_it/_i|0). Using the commutation relations (]B.1|) we get 



v 



c 
2 



2k+3 





)2k+3 
' 3 





2( 



2k+3 
3 



2k+3\^ 
3 I 



\ 



J 



(B.9) 



This matrix is not positive-definite for the central charge (lB.2p in the range (IB.Sp . We do 
not intend to compute the Kac determinant for every level or non-vacuum states, and leave 
this for the adventurous reader. 
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